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Abstract: Since the emergence of the avian influenza A(H7N9) in the year 2013 in China, several researches
have been carried out to investigate the spread. In this paper, a mathematical model describing the
transmission dynamics of avian influenza A(H7N9) between human and poultry proposed by Li et al. [1]
is modified by introducing re-infections into the susceptible human compartment. The method of next
generation matrix is used to calculate the reproduction number. We also establish the local and global stability
of the equilibria using Lyapunov functions. Finally, we use numerical simulations to validate our results.
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1. Introduction

vian influenza refers to a group of viruses that are spread between birds and are grouped into Low
A Pathogenicity Avian Influenza (LPAI) and Highly Pathogenicity Avian Influenza (HPAI). One novel
LPAl is the avian influenza A(H7N9) which emerged in humans in Eastern China in February 2013 [2-8]. The
transmission of avian influenza A(H7N9) occurs between poultry and poultry or between poultry and human

but no case has been recorded yet about human to human transmission. Iwami et al. in [9] considered a
dynamic model of avian influenza that might be transmitted by infected poultry and infected humans with
variant avian influenza. Che ef al. [10] studied a model of highly pathogenic avian influenza with saturated
contact rate. Liu et al. [11] established a dynamical model of avian influenza A(H7NY) that can spread between
poultry and poultry, poultry and human, and human and human to evaluate the impact of these measures
on avian influenza A(H7N9) epidemic. From the available epidemiological and virological evidence, thus the
likelihood of human-to-human transmission of the avian influenza A(H7ND9) is low. Liet al. [1] investigated the
mathematical model describing the transmission dynamics of avian influenza A(H7N9) between human and
poultry, in which there is no human-to-human transmission. They however, ignored the possibility of human
re-infection. In [12], Khan ef al. proposed two models considering saturated incidence rate and psychological
effect in the model. Zhang et al. [13] constructed an avian influenza A (H7N9) epidemic model with vaccination
and seasonality to study the spread of avian influenza A (H7N9). Other works on influenza virus include the
works of [14-16]. In this paper, we extend the model proposed by [1]. We consider the possibility of human
re-infection which transfers every recovered human back into the susceptible class.

2. The model

According to [1], human have the risk of getting infected with avian influenza A(H7ND9) largely because
of their exposure to poultry. In [1], Li et al. further developed a mathematical model to investigate the spread
of avian influenza A(H7N9) to human. The assumptions in the model include:

1. transmission of avian influenza A(H7N9) occurs only in two ways; firstly, between poultry and poultry
and secondly, between poultry and human. It cannot transmit from human to human.
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2. the human population is classified each into Susceptible, Infected, and Recovered.
3. poultry in the farm and poultry in the market are classified into Susceptible and Infected.

Consider S, I, and R denote Susceptible, Infected, and Recovered class respectively and the subscripts &,
fa, and ma denote human, farm and market respectively. The established model is given as:

i = Aa = daSgo — a0 — PaSgalya
Ifa

dj; = ,Bllsfalfa - dulfg - Illfg — Oé,zlfﬂ
d‘sj# = asfa — BmSmalma — dmSma

dl
dntm = ﬂlfa + ﬁmsmalma — dwlna — g (1)

% = Ay — BuSnlna — dnSy
d
% = BuSnlma — dply — vl — ay 1y

where Aj, and A, represent the birth rates of human and poultry respectively, and dj,, d,and d;, indicate the
natural mortality rates of human, poultry of farms, and poultry of markets respectively.

Here oy, a; and ay, are the disease-related death rates of infected human, infected poultry of farms, and
infected poultry of markets respectively, B, is the transmission coefficient from infective poultry of farms to
susceptible poultry of farms, 8, is the contact rate from infective poultry of markets to susceptible poultry of
markets, B, is the transmission rate from infected poultry of markets to susceptible human, r is the recovery
rate of infected human and a is the proportion of poultry from farms to markets. All the parameters are
non-negative.

It is worth noting that this model ignores the possibility of re-infection. We modify this model by
assuming that a recovered individual who comes in contact with infective poultry can become infected again.
This implies that any recovered individual moves out of the recovered compartment and thus, the equation

for the recovered compartment becomes:

dRy,
—— =71l — Ry,
at rly h

It is also important to note that some of the recovered individual may die naturally. This means that the
population of the recovered individuals entering back into the Susceptible class is (1 — dj,) Ry, and the equation
for the Susceptible class becomes

dasy

Combining these equations with the existing ones gives the proposed model as

Iy~ duSga— aS g —

g ST fasfa T A5fa BaStalfa o)
dlg, = BaStalpys —dalsy —alsy — gl 3)

dt falfa = @alfa = Alfa = Xalfy

dts{f” = aSfq — BmSmalma — dmSma w
% = Ay — BiSplma — dpSy + (1 — dy)Ry, ©
% = BuSnlma — dyly — vl — a1, -
d& =rl, — Ry. ®

dt
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2.1. Non-negativity Conditions

In order to establish the validity of the model, we establish the non-negativity conditions for the farm
poultry population, market poultry population and the human population. Let

N, (t) = Sga(t) + Ifa(t) )
Niya(£) = Spa () + Lua(t) (10)
Ny (t) = Sp(t) + I(t) + Ry, (t) (11)

where N¢;, Ny and Nj, represent the total population of poultry in farm, total population of poultry in market
and total human population respectively. By putting (9-11) into (2-8), Equations (2-8) reduce to the following
system of three linear ordinary differential equations

dzf“ = Ag — (da +a)Npy — talfy < Aq — (da +a) N, (12)
dl;’T“ = aNgy — dyNya — &mlng < aNgg — dyNpg, (13)
% = Ay —dyNp — aply < Ay —dyNy (14)
Then, from (12), it follows that
Npa(t) < - iﬂda + (Nfa(o) - ai;ﬂ) p—(a+do)t (15)
and so
tlggo Npa(t) < a iada

In the same way;, it can be obtained from (13) and (14) that

. aA, . Ah
< —— < —.
M Nna®) = Gy N =

The feasible region of the system (2-8) is

A aA A
= 7 : < _fa < __rra < 7}1 .
o {(Sf“'lf”' Sm”'lm“'sh'lh'Rh) € Ry Npa < gy Nma < dm(a+da)'Nh = d

3. The Existence of Equilibria

The reproduction number is calculated in this section and we further show the existence of the positive
equilibrium. It is easy to see from (2-8), that the disease-free equilibrium is EV = (S? 0, S(,)W, 0, 52, 0,0), where

A A
0 = Za_ g0 % , and S) =

S Ap
fo = Ay d, O T d (et dg) '

d,

(16)
Using the method proposed by [17], we can obtain the reproduction number by the next generation matrix

Ro=p(FV1)
where R is the reproduction number, p is the spectral radius of a matrix and

0v;
—( xo)] and x; are the relevant variables.

Bx]-

F= |:§'Z(XO):| and V =

For the problem at hand, we have

.Bﬂsfalfu dalfa—l—alfﬂ—l—ocalfa
f = ,Bmsmalma ; 0= A Dna + m g — alfa
BrShIma dply +rly + aply
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and consequently, we get reproduction number as

Aaﬁa Roy — ﬂAu,Bm
(ll+da)(a+da+06u)l 02 dm(a“‘da)(dm‘i‘“m)

Ry =

Hence, the basic reproduction number of the system is
Ro = max{Ro1,Roz}-

Theorem 1. For system (2-8),

1. If Ro1 > 1,Rq2 > 1, there is the unique endemic equilibrium

E™ = (St Lo Smar T S Iy RYT).

2. If Ry < 1,Rpp > 1, then there is the unique boundary equilibrium

E* = (S3,,0, S}, Si 11, RY)-

Proof. There are only two possibilities for positive equilibrium. The first is when there are infective farm
poultry (i.e. Ir, # 0) while the second is when there are no infective farm poultry (I¢, = 0).

1. Consider the first case where I, # 0, then it is obtained from equation (3) that

e  Atoag+d

e (17)
a

Putting (17) in (2), we have

(a+da)(Rn — 1)

Ba
Since all parameters are positive and it is a necessary condition that I7; > 0, then we require Ro; > 1

(from 18). Furthermore, suppose Iy, = 0, then Equation (5) implies that Iz, = 0 which contradicts the
initial assumption. Hence, we are left to take I,;; # 0 and Equation (4) gives

Kk
It =

. (18)

aS%*
Kk fa
Spp = ———. 19
ma ,Bml;';;; + dm ( )
Substituting (19) into (5) gives
ay L2 + by Ly + 01 =0, (20)

where

by = aumlfy + aPumSt; — diy — dmtt, 1)

c1 = adyls; >0,

which means that A = b% —4ajcq > 01if Rpp > 1 and hence, there is a unique positive root

—alt* *bl — b2 — 4a1c1
e = e . : 22)

C BmSE, —dm — 2m

Substituting (22) into Equations (6-8) gives

Ah + (1 B dh)R;;* *k thSZ*I;:ZTZ

S** - 7 - 3 . T
h Buli +dy, b A 4+ oy,

Ry = rl*. (23)
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O

Therefore, we conclude that when Rp; > 1,and Ry, > 1, the endemic equilibrium

B = (S i St Tt S/ 157 RYY)
is obtained.
We now suppose I¢, = 0 and this means Equation (3) becomes redundant. We obtain from Equation (2)
that a
gr — 1 24
fo " di+a (24)
Substituting I fa = 0 into Equation (5) gives that either I;;; = 0 or Sy = W but since I;; # 0 then we

are left with

Sya = M' (25)
Bm
Putting (24) and (25) into (4), we have
. aSt, = dnSq B aA, _dw _ dw(Ro2 — 1) 26)
i BmSia (dm +am)(a+da) B Brm '
from which it is required that R > 1. Substituting (26) into Equations (6-8), we finally have
A 1—d,)R; Srr¥

h— ,Bhl;;%z"'dh ! h_dh—l—r—l—th'
where Ryg; < 1. Hence, when Rg; < 1 and Rpp > 1, the boundary equilibrium
E* = (74,0, Sha, 51, 11, R})

is obtained.

4. Stability of equilibria

It has been established in the previous section that there exists disease-free and positive equilibria. We

further investigate the stability of this equilibria.

4.1. Stability of the disease-free equilibrium

Theorem 2. Let E° = (5% ,0,59,,,0, 52,0,0) be the disease-free equilibrium of system (2-8).

1.
2.

fa’

If Ry < 1, then E° is locally asymptotically stable;
If Ry > 1, then E° is unstable.

Proof. The Jacobian matrix at the disease-free equilibrium E° is

—d,—a ~BaSY, 0 0 0 0 0
0 BaSh—da—a—as 0 0 0 0 0
a 0 —dp —BaSY%a 0 0 0
Jpo = 0 a 0 BuSYy—dm—an 0 0 0 (28)
0 0 0 —BnS) —d, 0 1—d,
0 0 0 BrSY 0 —dy,—ay—r 0
0 0 0 0 0 r ~1

The characteristics equation of the Jacobian matrix is

A+1)(A+dy) A+dm) A +da+a) (A+dy+1+ay) X
()\—i—dﬂ—i-a—l—ocg—ﬁas%) (A+am+dm—ﬁm59na) —o,
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and the eigenvalues are

A =1, /\zz—dh, Az = —dy, /\42—(da+€l), /\52—(dh+06h—|—1’),

A
Ag = —(dﬂ+a+aﬂ)+fi; =Ry —1)(dg+a+a;) <0 if Ryy <1,
a
)L7:*(dm+0€m)+mz (Rozfl)(dm+0(m) <0 if Rp < 1.
! dm(a+d,)

Hence, all eigenvalues have negative real parts if Ryy < 1 and Rpp < 1 and consequently, Ry =
max {Ro1,Rpz} < 1 (see [18]). Thus, the disease-free equilibrium Ej is locally asymptotically stable if
Ry<1. O

Theorem 3. For system (5), if Ry; < 1, the disease-free equilibrium EV is globally asymptotically stable.

Proof. The proof shall be constructed by taking the three different subsystems one after the other
1. Poultry subsystem in farms: Define a Lyapunov function for the poultry subsystem in farms
S
Vi1 = Sfa — S?‘a — S?‘a In # + Ifur
Sta

and then the derivative of V7 is
dviy _ Sfo— Sy dSp dly,

it Sy i  dr 29)
and substituting (16), (2) and 3 into (29), we have
dVH a+d 2
on 7Taa (Sfa = 5%) "+ BaSYalfa — (da +a+ ) Ifa, (30)
a+d 2
- a (sfa - s?a) + (da +a+ aq) (Rot — 1) I, (31)

Clearly, % < 0if Ry; < 1. We now have that

0 = {(Sfa,lfu) eR% : d% — o} = {(SparIja) € BL: S0 = 8%, Ip = 0} = {EY, },

which according to Lassale’s invariance principle, EJQ , is globally asymptotically stable [19,20].
2. Poultry subsystem of markets: Poultry subsystem of markets with the avian components of farms
already at the disease-free steady state is

ds

drtrm = ClS?ca — BuSmalma — A Sma, (32)
dl
71;111 = ,Bmsmulma — dmlma — amIna. (33)

We define a Lyapunov function as

Vis = Suma — SO, — S0 In (S”’”> + Lya.

It follows that
dVlZ Smu - S(y)mz dsma + dImu

dt Sima dt dt

Replacing dsd't”“ and d;’;” with equations (32) and (33) respectively, then substituting 5% = Ag

i and

0 _, A ;
dmSma = a7 4, from 16 and rearranging, we have

avip d 2
= 5 (Sma = Sha) + (ot ) (Roz = 1) D,
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from which d};% < 0if Ryp < 1. Thus,

av;

.(22 = {(Sma, Ima) S Ri : 712 = O} - {(Sma, Img) S Ri : Smu = S%a, Img = 0} — {Eg’lﬂ} .
According to Lasalle’s invariance principle ([19,20]), EY,, is globally asymptotically stable.

3. Human subsystem: Finally, considering the human subsystem with the avian components already at the
disease-free steady state

dI,
Gt = —dply —rly — Iy, (34)

dR
dth = T’Ih - Rh/

We define a Lyapunov function

V13=Sh—52—52h’1%+1h+Rh,
h

and then the derivative of Vj3 along the solutions of system (34) is

dvlg,_sh—sg@ dl, | dR,
at S, dt dt = dt

35)
Substituting Ay = dj, 52 and Equations (34) in Equation (35), we have

Sy — 9
Sh

avis _ dy (

9t s, (L—dp)Ry — (dp +ap) Iy — Ry <0,

and, thus, (3 = {(Sh,lh,Rh) erR3 ;v _ 0} — {(SwInRy) €ER3:5, =80 [, =0, R, =0} =
{E?}. According to Lasalle’s invariance principle, EY is globally asymptotically stable.
O

4.2. Stability of the boundary equilibrium and the endemic equilibrium

The Jacobian matrix of system (2-8) is given as,

—da —a— Balf ~BaSa 0 0 0 0 0
Balfe BaSfa —do — 1 — g 0 0 0 0 0
a 0 _,Bmlma —dp _ﬁmsma 0 0 0
= 0 a Binlma ﬁmsmn —dy — 0 0 0
0 0 0 —BnSh —BIna — dy 0 1—d,
0 0 0 BrSn BrIma —dy — 1 — 0
0 0 0 0 0 r -1
The characteristics equation of the Jacobian matrix is:
[(A+dota+Balpa) (A+da+a+a— BaSpa ) + BiSfalya
X | (A +dun + Bunlona) (A + tn + iy = B Sma) + By Somalna
X [(A4dyp+ Bplma) A+dp+7r+a;) (A+1)] =0 (36)

Theorem 4. For system (5), if Ry < 1, Rop > 1, the boundary equilibrium E*is locally asymptotically stable; ifRy; >
1, Ro2 > 1, the endemic equilibrium E**is locally asymptotically stable.

Proof. The proof is as follows;
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1. For the boundary equilibrium E* = (S} 20 Siar Lnas S0 1 RZ) , five of the eigenvalues are

)Ll = —1, )\2 = —dh —r—uy, )\3 = _dh - ,BhI:;m/
BaAa

Ay = —a—d,, )\5:—06a—ﬂ—da+a+du

= (ag+a+d;) (Rn —1)
and the remaining two eigenvalues A, A7 depend on
A% 4+ Ady(Rog — 1) 4 dpy (s + di) (Rop — 1) = 0.

Hence, if Rg; < 1 and Rpp > 1, all eigenvalues have negative real parts.
2. For the endemic equilibrium E** = (S;‘(;‘, I };, Siar Lnas S350 11 RZ*), three of the eigenvalues are

M=-1, A =—dy—r—ay Ag=—dy,— Bl
while A4, A5 are obtained from
A2+ ARgy (da +a) + (da +a)(a + a+dg) (Rog — 1) =0
and the remaining two eigenvalues Ag, A7 are obtained from
A2+ A2 + e — PuSpm + BmLis) + BTy + Bunttm L + A (dy + tm — BSjme) =0

It can be obtained that d;; + ay, — B Sy > 0by Iy > 0. Hence, if Ry; > 1, Rp2 > 1, all eigenvalues have
negative real parts.
O

Theorem 5. For system (5),

1. if Roy <1, Rz > 1, the boundary equilibrium E*is globally asymptotically stable,
2. if Rpn > 1, Roo > 1, the endemic equilibrium E**is globally asymptotically stable.

Proof. We consider the global stability of the boundary equilibrium and the endemic equilibrium.
1. The boundary equilibrium E*.

(a) Consider the poultry subsystem in farms and define a Lyapunov function

* * Sf”
VZl:Sfa_Sfa_Sfaln g +Ifa
a

and then the derivative of V5 is

AV . Sfa - S}a dsfu i dIfu

it Sp o dt dt (37)
Substituting A = S;ﬁa(du +a),(2) and (3) into (37), we have
2
V- Sfa = 55 .
dtZl - ( 5, fa) (da+a) + BaSfolra — (da+a+aq) Ig, (38)
a

Substituting S, from (24) into the second term of the right hand side of (38)

dV21 . (da+a) * 2
SIRCTECTS S
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and if Ry < 1, dVZl < 0, then

Q4= {(Sfa,lfu) eR?: d:l/tzl = o} = {(Sfuflfu) €ER] : Sy = Star Ia = 0} _ {E}a}‘

By Lassale’s invariance principle, E¥, is globally asymptotically stable.
(b) Next, considering the poultry subsystem of markets with the avian components of farms already at

the disease-free steady state.

ds .

d’:a = ana - ﬁmSmgIma - demg (39)
dl

dr;la = ,Bmsmalmu — dwmlna — @ lna. (40)

We define a Lyapunov function

I
sz—Sma—S;a—SLaln<Sm“>+Ima L, — L, ('”“),

and then the derivative of V5, is

dVZZ o Sma - S:nu dSma Ia — I;fm dlma
dt  Spa dt + Lina dt ' (1)

and we can deduce that from (24) and (25) that
aSjZa = BmSpalma + dmSpe and dy + am = BmSpya- (42)

Substituting (39) and (40) into (41), then using (42) and rearranging, we have

- dpSE 4+ dmS: (Rop — 1
- i 28 ) (S} + S (Re2 — 1)

Since 2 — :iz — 5"’” <0,if Ry1 > 1, dv22 < 0, thus,

'(25 = {(SMIZ/ Ima) eR%,_ : dez/dt = 0}

= {(Sma/ Ima)eRi 2 S = S:an/ Ig = I:m} = {E a}

According to Lassalle’s invariance principle, E;,; is globally asymptotically stable.
(c) Finally, considering the human subsystem with the avian components of markets already at the

endemic steady state s
Tt = An— BrSnlya — dnSp+ (1 —dp)Ry,
dlh = 5h5h1ma dply —rly — aply, (43)
dglft TIh Rh-

We define a Lyapunov function

Voz =S5, =S, — Shli’ls + I, — Ihll/l + Ry — R;; Rhln -
Sy I R

and then the derivative of V53 is

dVys  Si—S;dS, I—ILidl, Ry—R;dR,

= —1 44
dt S, dt I, dt R, dt’ (“44)
and from (27), we can deduce
= BnSjLna + diSj, — (11 —dp)Ry,
dy +r+ay, = BiS;, }'1“, (45)

R*
r:Til.
h
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Substituting (43) into (44), then using (45) and rearranging, we have that

%st* _57;;_&4_&_&_’_1{7;_&2
dt h S S; S, S S S

St S, St SR, R, I,
* _“h_th h R* “h _ Sh*h M hy 4
 BiSima <3 S It s;zh) h (sh SR Ry T (46)
Substituting Iy, from (26) into (46), we have
av; S¢S R R Ry Ry
ﬁzdhsﬁ z_l_ii‘_i_ih_ii’_kiil_l
dt Sy, Sh Sy, Sh Sh Sy,
dm(Rp — 1 S 1 SpIf
4 m(Ro2 )ﬁhS;lk(B_h_Z_ Zh)
Bm S Iy SiI

Si SuRp Ry I

e (5; SiRn  Ridy 1,1)'

Since

S5 R R Ry R
Sy, SZ Sy, S; S,*; Sy,

* *
Sy, Ii: S;,klh -
St SIR, R, I,

S, SyR Ryl T Ir S

. dV;
if Roy > 1, =52 <0, thus,

d V23

Qg = {(Sh,lh,Rh) €R3 : — :0}

= {(SwInR) €RY: S, = Si, I, = I, Ry = R, } = {E}}.

According to Lassalle’s invariance principle, E; is globally asymptotically stable. In conclusion, if
Ro1 <1, Rpz > 1, the boundary equilibrium E* is globally asymptotically stable.

2. The endemic equilibrium E**.

(a) Consider the poultry subsystem in farms and define a Lyapunov function

Kk Kok Sfﬂ Kk K% If”
V31:Sfﬂ_sfﬂ_sfﬂln?ﬁ+lfa_lﬂ_Iﬂlnﬁ’
and then the derivative of V3;along solutions of system (5) is
Sfa— S, dS Iya — Iz dI
Vo _ e 2jaDosn | Ja—faTse, (47)

dt Sfu dt Ifu dt

We can deduce thata 4+ a, +d, = /3,15;2;‘ and A, = IBQS;Z I;; + (a+ da)SJ’Zj; from (17) and (18) and on
substituting into (47), we obtain

dV31 _ (a+dﬂ) Kok 2 Kok TRk - S;Z _ Sf”
dt S (Sf” Sfﬂ) PeSalfa Sfa Sin )’ )

Substituting I from (18) into (48) we have,

dV31 . _(a—i—du) ok 2 o _ _ S;Z _ Sfa
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S** S
If Ryy > 1,then2 — S’;” — sj*;(i < 0and d;/% < 0 and thus,

dV:
.(27 = {(Sfallfa) GRi . Til = 0}

= {(sfa,lfa)eRi 2 Sfa = Siarlfa = I};} = {E}Z}-

According to Lassalle’s invariance principle, Ejis globally asymptotically stable.
(b) Consider the poultry subsystem of markets with the avian components of farms already at the

endemic steady state;

dSma

it = QS}Z - ﬁmsmalma — dwSma (49)
dl *ok
— =Ly 4 BuSmalna — dmIna — & Ina (50)

we define a Lyapunov function

Sma

*%
Sma

Ima

*x 7
Ima

Vo = Spa — Skt — S5 In =0 4 [y — I — I In

and then the derivative of V3, is

dVBZ _ Sma - S:;;;; dsma + Iima — Lﬁ; dlma
dt Sima dt Lina dt -

Substitute Equations (49) and (50). Putting the relation aSJ"}Z = duSyy + BuShn e and dpy + 0y =

I**
BmSp + % (which can be easily obtained from (17) and (22)) and substituting I}‘;‘ from (18) and
then rearranging, we have

AV  ala+d,) (R —1) (2_ I zmﬂ>

- T Tax
Imﬂ Ima

dt 'Ba
G S G S
+ dms;k,:; <2 _ Pma mu) _'_ﬁmS;;I;:la; <2 _ “ma mu>

Sma  ShE Sma  Shi

Clearly, if Rg; > 1, Rz > 1, then

Smu Sma Imu I:;’l*u

and d;/% < 0. Thus,

dt
= {(Sma Ina) € B+ Syua = S Ina = T b = {Ea}-

Qg = {(sm,lm) cR%: Vs _ 0}

According to Lassalle’s invariance principle, E;*is globally asymptotically stable.
(c) Finally, we consider the human subsystem with the avian components already at the endemic steady

state
ds
Tt = An — BuSnLye — dnSn,
i = BySyli — dyly — rly — a1y, (51)
dR
dth = I”Ih — Rh

We define a Lyapunov function

V33 = Sh - S;* - S;*ln

Sh . wxr, In w perr R
S;’* + I, - — Ih*l”l,? +Ry—R; th*lnR—;*

and then the derivative of Va3 is given as

dVs3 B Sy — SZ* dﬂ + I, — Iﬁ* dl, " Ry, — RZ* dRy,

dt S, dt I, dt R, dt
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Using the relations A, = d,S;* + By S " Ly — (1 —dy,) R, dy + 7+ ay, = B1,S},* '125 andr = R;*/ I}
(which can be easily obtained from (23)), we have

d;/tse) ds( _ 5 Sw R Rh+RZ*_R2*>

Sw SpF Sno S S Sy

+,3hSZ*I;;; (3 - th - I? - S**Ih

e (S SERe R
Sy SR ORI

Since if Ryp; > 1, then

S* S, R, R, R R

S S Sy S¢St S,

and dV33 < 0. Thus,

Qg = {(ShrlhrRh) €R> 1 dVy3/dt = 0}

- {(sh,lh,Rh)eRi LSy =S, I = [, Ry, = R;*} = {E*}.

According to Lassalle’s invariance principle, E;*is globally asymptotically stable.
O

Remark 1. Stability of the equilibrium depends on the Lyapunov functions. The quadratic form of Lyapunov
functions is usually used in most references [21,22]. Let us take the function in this paper

f(x)=1-x+1Inx, Vx>0,

we have

F1)=0, flx) =1 -1,

thus, f(x) =1 —x+1Inx <0V x > 0, and the equality holds only when x = 1. Let x = > 0, then 5S¢, —

Sjla

S? — S?f ,In ( ) > 0. Hence, V41 is a Lyapunov function. In a similar way, Vi, Vi3, Va1, Voo, Vas, V31, V3o, Vas
fu

are also Lyapunov functions.

5. Numerical Simulation

The existence of the disease free equilibrium, the boundary equilibrium, and the endemic equilibrium
of system (2-8) have been established in the previous sections. In what follows, we simulate the stability of
these equilibria by plotting the graphs of the system (2-8) for different values of the parameters corresponding
to each of these equilibria. Figure 1 verifies that the disease dies out of the population and Figures 2 and 3
indicate that the disease is sustained in the population.

Tables (1-4) show the effect of disease-related death rates of infected poultry of markets ay,, the
disease-related death rates of infected poultry of farms a,, the transmission coefficient from infective poultry
of farms to susceptible poultry of farms 8, and the contact rate from infective poultry of markets to susceptible
poultry of markets 3, on the reproduction number. As can be seen in Tables 1 and 2, increase in «;; and &, lead
to decrease in Rgp and Ryjrespectively. Increase in §, and B, lead to an increase in Rg; and Ry respectively
(see Tables 3 and 4.
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Figure 1. Time-variation diagram of system (2-8) when Ry = 0.88680353 < 1.
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Figure 2. Time-variation diagram of system (2-8) when Rp; = 0.82949309 < 1 and Rg = 1.83929618 > 1.
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Figure 3. Time-variation diagram of system (2-8) when Ry, = 2.07373271 > 1 and Rgp = 1.83929618 > 1.

time
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Table 1. Table showing the effect of &, on the reproduction number

ay | 0.0500 | 0.2000 | 0.3500 | 0.5000 | 0.650 | 0.8000 | 0.9500
Rop | 2.0737 | 2.0737 | 2.0737 | 2.0737 | 2.0737 | 2.0737 | 2.0737
Rop | 4.0465 | 2.5290 | 1.8393 | 1.4452 | 1.1901 | 1.0116 | 0.8797

Table 2. Table showing the effect of a,; on the reproduction number

®, | 0.0500 | 0.2000 | 0.3500 | 0.5000 | 0.650 | 0.8000 | 0.9500
Rop | 3.2258 | 2.2770 | 1.7595 | 1.4337 | 1.2097 | 1.0462 | 0.9217
Rgp | 1.8393 | 1.8393 | 1.8393 | 1.8393 | 1.8393 | 1.8393 | 1.8393

100 T T T
- ﬁh = 0.00005
80 4, =00018
3,=02
60 - I
< A, =80;8,=0.0045; d, =0.17; o, =0.25;
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20 - *
0 ;
15 20

time

Figure 4. The curve-trend diagram of I;, with time, as B, varies.

6. Discussion

We modify the SI-SI-SIR model developed for Avian influenza infectious diseases by [1] by including
human re-infection. We obtain the reproduction number Ry = max {Rp1, Ro2} which is enough to predict
whether the the spread becomes endemic or not as follows;

1. If Rg < 1 (i.e. Rg; < 1and Rgp < 1), there exists only the disease free equilibrium. We showed the disease

free equilibrium is globally asymptotically stable. Hence, the disease dies out (see Figure 1).

2. If Ryy < 1and Ry > 1, (i.e. Ry > 1), there exists only the boundary equilibrium. We showed that the
boundary equilibrium is globally asymptotically stable. The disease will be sustained in the population
and eventually lead to epidemic (see Figure 2).

3. If Ryy > 1 and Rgp > 1, i.e. Ry > 1), there exists only the endemic equilibrium. We showed that the
endemic equilibrium is globally asymptotically stable and this means the disease will spread (see Figure
3).

Table 3. Table showing the effect of B, on the reproduction number

Ba | 0.0045 | 0.1545 0.3045 0.4545 0.6045 0.7545 0.9045
Ro1 | 2.0737 | 71.1982 | 140.3226 | 209.4470 | 278.5714 | 347.6959 | 416.8203
Rpo | 1.8393 | 1.8393 1.8393 1.8393 1.8393 1.8393 1.8393
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Table 4. Table showing the effect of B;; on the reproduction number

Bm | 0.0056 | 0.1556 0.3056 0.4556 0.6056 0.7556 0.9056
Ro1 | 2.0737 | 2.0737 2.0737 2.0737 2.0737 2.0737 2.0737
Rpp | 1.8393 | 51.1062 | 100.3730 | 149.6399 | 198.9067 | 248.1736 | 297.4405

4. If Rg; > 1and Rpz < 1, (i.e. Rg > 1), there exists no positive equilibrium.

In the case of reinfection, as included in this paper, it is observed that the number of susceptible human increase
more than the case of no re-infection (as the case in [1]). This can be traced to the fact that a fraction of the
recovered human (i.e. those who do not die naturally) move back into the susceptible class. In order to reduce
the spread of the avian influenza, it is observed from Table 1, Table 2, Table 3, Table 4 and Figure 4 that the
following measures can be taken;

1. increase a, and a;,. This can be achieved by killing of infected poultry.
2. reduce B, B and By,. This can be achieved by closing down some farms and markets where infection is
detected.

It is important to note that our results agree with the results obtained in [1].
The two authors jointly developed the model. The first author did the dynamical analysis and the second
author did the simulation and arranged the document.
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